Dynamics of magnetization domain walls (DWs) in thin ferromagnetic nanotubes subject to longitudinal external fields is addressed analytically in the regimes of strong and weak penalization. Explicit functional forms of the DW profiles and formulas for the DW propagation velocity are derived in both regimes. In particular, the DW speed is shown to depend nonlinearly on the nanotube radius.
Recently, ferromagnetic nanotubes have been proposed as a guide of DWs driven by an external magnetic field [24] . The central advantage of this approach is the absence of the so-called Walker breakdown that is unavoidable at sufficiently strong applied fields for wire and strip geometries [4] . The absence of the Walker breakdown is a topological effect which leads to a significant increase of the DW stability and propagation speed [24, 25] .
In this paper, we analytically address the DW dynamics in thin ferromagnetic nanotubes under the action of an external magnetic field and derive an explicit formula for the DW propagation speed in the regimes of strong and weak penalization. Our formula reveals a nonlinear dependence of the propagation speed on the nanotube radius, and may be used as a guide in devising new experiments.
We consider an infinitely long ferromagnetic nanotube with an outer radius R and an inner radius (R − w) (see Fig. 1 ). The magnetization distribution at a spatial point x and time t is described by M(x, t) = M s m(x, t), where |m(x, t)| = 1 if x ∈ Ω (the point belongs to the nanotube region) and |m(x, t)| = 0 if x ∈ Ω (the point lies outside the nanotube region). Here, M s stands for the saturation magnetization. The full micromagnetic energy of
FIG. 1: (Color online)
A sketch of a nanotube with an outer radius R and an inner radius R − w. A point on the outer surface of the nanotube is parametrized by the coordinate x along its symmetry axis and the polar angle ψ. The unit vectors ex (parallel to the symmetry axis), e ψ (tangential to the surface), and eρ (normal to the surface) form a righthanded triplet.
the nanotube is given by [26] 
where the magnetostatic potential u(x, t) satisfies
Here, A denotes the exchange constant, K is the easy axis anisotropy constant, µ 0 = 4π × 10 −7 Wb/(A·m) is the magnetic permeability of vacuum, and e x is a unit vector pointing along the symmetry axis (x-axis) of the nanotube (see Eq. 1).
Within a continuum description, the time evolution of the magnetization distribution is governed by the Landau-Lifshitz (LL) equation [27, 28] 
Here, γ denotes the gyromagnetic ratio, α is a phenomenological damping parameter, and H is an effective magnetic field, given by
where H a stands for the applied (external) magnetic field. Being interested in the dynamics of a magnetization domain wall (DW), we focus on solutions of Eq. (3) subject to the boundary conditions m(x, t) → ±e x for x → ±∞ (and x ∈ Ω). We now address the case of a thin nanotube, such that w ≪ R. In this limit, the volume integrals in Eq. (1) can be approximately reduced to integrals over the surface of a cylinder, and the stray-field energy can be approximated by an additional effective local anisotropy that penalises the magnetisation component in the radial direction (see [29, 30] for mathematical details of this procedure). Thus, rescaling the spatial variables, x = Rξ; the micromagnetic energy, E = 2AwE; and the effective and applied fields,
and
where κ = KR 2 /A and λ = µ 0 M 
Equations (5-7), along with the boundary condition m(ξ, τ ) → ±e x as ξ → ±∞ specify the magnetization dynamics problem addressed in this paper. Below, we provide exact, traveling wave solutions to this problem in the two limiting cases of λ ≫ 1 and λ ≪ 1.
Strong penalization case, λ ≫ 1. -In ferromagnetic nanotubes with very large λ, the penalization term in the micromagnetic energy, Eq. (5), essentially forces the magnetization distribution m to lie nearly tangent to the cylinder (see Fig. 2 ). More specifically, it can be shown that m = m t + λ −1 m n , where m t = (m · e x )e x + (m · e ψ )e ψ is tangent to the cylinder and m n = (m · e ρ )e ρ (with |m n | ∼ O (1)) is normal to the cylinder surface. Resolving the effective field into its tangential and normal components H t = (H · e x )e x + (H · e ψ )e ψ and H n = (H · e ρ )e ρ (both |H t | and |H n | being of order 1), we rewrite Eq. (7) as
. Then, resolving this equation into its tangential and normal components and keeping terms of the leading order in λ −1 , we obtain
Taking the cross product of both sides of Eq. (9) with m t , and using |m t | 2 = 1 + O(λ −2 ) we obtain, to the leading order in λ −1 ,
Finally, substituting Eq. (10) into Eq. (8), we conclude that, in the limit λ → ∞ (or, more generally, in the leading order in λ −1 ) the time evolution of m(ξ, ψ, τ ) is governed by the modified LL equation,
where the magnetization distribution is restricted to be tangent to the surface of the cylinder, m = e x cos θ + e ψ sin θ .
In general, θ = θ(ξ, ψ, τ ). A similar result has been obtained for the effective dynamics in thin ferromagnetic films [31] . We now assume that the applied magnetic field is directed along the nanotube axis, H a = H a e x . Substituting Eq. (12) into Eq. (6), taking into account the fact that ∂ ∂ψ e ψ = −e ρ and ∂ ∂ψ e ρ = e ψ , and discarding the component of H along e ρ , we obtain the tangential component of the effective field,
Consequently,
Thus, using the identity ∂ ∂τ m = −(e x sin θ −e ψ cos θ) ∂ ∂τ θ and Eq. (14) in the left-and right-hand side of Eq. (11) respectively, we obtain
Equation (15) 
where the function
(or, equivalently,
determines the spatial profile of the traveling wave, and
gives the propagation velocity. In the original physical coordinates, the propagation velocity reads
Equation (19) gives explicitly the nonlinear dependence of the DW propagation speed on the nanotube radius. Thus, in the anisotropic case (K > 0), our formula shows that
Weak penalization case, λ ≪ 1.
-We now focus on the case of a ferromagnetic nanotube for which the penalization parameter λ is negligibly small. In this case the magnetization distribution m is no longer restricted to lie tangent to the cylinder and explores the full unit sphere. Its time evolution is governed by the LL equation (7) with the effective field approximated by (cf. Eq. (6))
Substituting the Cartesian representation of the magnetization distribution, m = (cos θ, sin θ cos φ, sin θ sin φ), into Eqs. (7) and (20), we obtain a system of two coupled nonlinear PDEs for the unknown functions θ = θ(ξ, ψ, τ ) and φ = φ(ξ, ψ, τ ):
where
As before, this system is to be solved subject to the boundary conditions lim As can be readily verified by a direct substitution, this problem admits a two-parameter family of exact traveling wave solutions
with n ∈ Z. Here, the longitudinal profile of the DW is given by
, the precession velocity by
and the propagation velocity by
In the original physical coordinates, the propagation velocity reads
In Eqs. (25) (26) (27) (28) (29) (30) , the index n measures the DW helicity. That is, n counts the number of times that the magnetization vector turns about e x as the circumference of the cylinder is traversed. (A sketch of a DW with n = 1 is shown in Fig. 3 .) It is interesting to note that DWs with lower helicity propagate faster, with the maximal propagation speed,
As in the strong penalization case, Eq. (30) gives the full nonlinear dependence of the DW propagation speed on the nanotube radius. In the anisotropic case (K > 0), we see that
In the isotropic case (K = 0), we again recover the scaling | d dt x 0 | ∝ RH a .
In conclusion, we have conducted an analytic study of the DW dynamics in thin ferromagnetic nanotubes subject to external longitudinal magnetic fields. We have found explicit functional forms of the DW profiles and derived explicit formulas for the DW velocity in the regimes of strong and weak penalization, Eqs. (19) and (30) respectively. In the strong penalization case, the magnetization field lies nearly tangent to the nanotube, while for weak penalizations, the magnetization vector may wrap around the nanotube with any integer helicity index. The DW propagation speed increases with the nanotube radius in a nonlinear way, and, in the weak penalization case, decreases with increasing helicity. Since for a typical ferromagnetic material α/γ ≪ 1, DWs in the strongpenalization case propagate much faster than those in the weak-penalization case.
